The homotopy analysis method (HAM) is used to develop an analytical solution for the cooling of turbine disks with a non-Newtonian viscoelastic fluid. Results are presented for the velocity and temperature fields and the Nusselt number is determined as a function of the cross viscosity parameter D 2 , the Reynolds number, Re, and the Prandtl number, Pr. The present results corroborate well with the numerical and perturbation results reported in other research literature on the problem. The auxiliary parameter in the homotopy analysis method is derived by using the averaged residual error concept which significantly reduces the computational time. The use of optimal auxiliary parameter provides a superior control on the convergence and accuracy of the analytic solution.
Introduction
Non-Newtonian fluid flows and heat transfer behavior have become increasingly important as the application of non-Newtonian fluid perpetuated through various industries including polymer processing, electronic packing, and drag reduction and cooling problems [1, 2] . In recent years there has been a considerable interest in the channel flow of non-Newtonian fluid because of its various applications in different fields of engineering. In particular the interest in heat transfer problem of non-Newtonian fluids has grown considerably. Hot rolling, extrusion of plastics, flow in journal bearings, lubrication and flow in a shock absorber are some typical examples to name. The study of the channel flow of non-Newtonian fluids and related heat transfer problems has been carried out by number of researchers under varied assumptions [3] [4] [5] [6] . This problem can be modeled mathematically by nonlinear ordinary differential equation systems. The solution of this nonlinear problem is normally obtained by using, for example, the perturbation method [7] . In the present paper we consider a non-Newtonian viscoelastic fluid flow on a turbine disc for cooling purposes. The significant objective is to report a highly accurate analytic solution of the problem derived using the homotopy analysis method (HAM). The solution's form is an algebraic expression which makes it computationally much easier compared with the solution given in [7] . A highly accurate and widely used technique for solving nonlinear problems is the homotopy analysis method (HAM) [8] [9] [10] [11] , which has been successfully applied to many nonlinear problems in science and engineering [12] [13] [14] [15] [16] [17] [18] . Unlike the perturbation techniques, HAM is independent of any small physical parameters. More importantly, unlike the perturbation and non-perturbation methods, HAM provides a simple way to ensure the convergence of series solution so that one can always get accurate enough approximations even for the strongly nonlinear problems. Furthermore, HAM provides the freedom to choose the so-called auxiliary linear operator so that one can approximate a nonlinear problem more effectively by means of better base functions, as demonstrated by Liao and Tan [10] . The degree of freedom is so large that even the second-order nonlinear twodimensional Gelfand equation can be solved by means of a 4th-order auxiliary linear operator within the framework of the HAM as shown in [10] . Especially, by means of the HAM, a few new solutions of some nonlinear problems [19, 20] have been achieved which otherwise were not solvable by other analytic methods.
Equations of motion
We consider the problem of non-Newtonian viscoelastic fluid flow on a turbine disc being cooled by the flow. The physical model of this problem is presented in Fig. 1 . The r-axis is parallel to the surface of disk and the z-axis is normal to it. The porous disc of the channel is at z = +L. The wall that coincides with the r-axis is heated externally and from the other perforated wall non-Newtonian fluid is injected uniformly in order to cool the heated wall. In this perspective the flow field may be assumed to be stagnation flow with injection. For a steady, axisymmetric and non-Newtonian fluid flow, the following equation can be written in cylindrical coordinates [7] : the continuity equation
the momentum equations
and the energy equation
The analytical model under consideration leads us to the following boundary conditions:
In the above equations, u r and u z are the velocity components in the r and z directions, V is the injection velocity, ρ is the density, p is the pressure, T is the temperature, C is the specific heat, k is the heat condition coefficient of the fluid, τ rr , τ zz , τ θθ , τ rz are the components of the stress matrix and Φ is the dissipation function. The definition of the stress components are
and the dissipation function is defined as:
To seek similarity solutions for Eqs. (1)-(4) subject to the boundary conditions (5)-(6), we introduce the following dimensionless similarity variables:
where prime denotes differentiation with respect to η. Using Eqs. (8)- (9) and eliminating the pressure term, Eqs. (1)- (4) reduce to the following ordinary differential equations or similarity equations:
where
Re is the injection Reynolds number and Pr is Prandtl number. The boundary conditions using the dimensionless variables (8)-(9) are
Eqs. (10)-(11) with the boundary conditions (5)-(6) for D 3 = 0 are solved by perturbation method [7] . In this article, we reconsider these equations and solve the problem by homotopy analysis method (HAM).
Homotopy analysis method
Let us define the (jointly continuous) map 1] , such that, as q increases from 0 to 1, F (η; q) and Q n (η; q) vary from the initial guesses to the exact solutions f (η) and q n (η), respectively. To ensure this, we construct the following zero-order deformation equations of the governing equations:
whereh f andh q are two convergence-control parameters [11] which helps to ensure the convergence of the solution series; the operator N f [F (η; q)] is defined by the governing equation (10) ; N Q [F (η; q), Q n (η; q)] is defined by the governing equation (11) depending on the two-dimensional or the three-dimensional case. So N f and N Q can be expressed by
The boundary conditions (12) and (13) yield
L f and L Q are auxiliary linear operators defined by
Clearly, when q = 0 the zero-order deformation equations (14) , (15) and (18) to (19) give rise to
When q = 1, they become
Here, f 0 (η) and q n,0 (η) are initial guesses. We can assume the initial guess of f (η) to be 2 and c 3 are constants to be determined by the first equation in Eqs. (18) and (19) , such that
The initial guess of q n,0 (η) is simple. We can assume q n,0 (η) = d 0 + d 1 η, with constants d 0 and d 1 being determined by the last equation in Eq. (19) , such that
Expanding F (η; q) and Q n (η; q) in the Maclaurin series with respect to the embedding parameter q, we obtain
Assuming that above series converges at q = 1, we have
Differentiating the zero-order deformation equations (14) , (15) and (18) to (19) m times with respect to q, then setting q = 0, and finally dividing by m!, we have the high-order deformation equations (m ≥ 1)
with the boundary conditions:
and
Then the solutions for Eqs. (31) and (32) can be expressed by
where C i and B i are the six integral constants to be determined by the six boundary conditions (33) and (34). Also, L −1 f Fig. 2 . The velocity in the middle of the channel versush for the 15th-order approximation with Re = 1 and D 2 = 0.01. and L −1 Q denote the inverse linear operators of L f and L Q so that the problem is closed. For example, solving the first-order deformation equation, we have 
With the aid of mathematical software, such as Mathematica, it is easy to proceed to high orders. Noting that, unlike all other analytical techniques such as the perturbation method, Adomian decomposition method, δ-expansion method, and so on, the solutions given by the HAM contain auxiliary parametersh f andh q , which can be used to control and adjust the convergence region and rate of the HAM solution series.
Convergence of HAM solution
It has been proved that, as long as a series solution given by the homotopy analysis method converges, it must be one of exact solutions. So it is important to ensure that the solution series Eqs. (40)-(41) are convergent. Note that the solution series contain the auxiliary parametersh f andh q , which provides us with a simple way to adjust and control the convergence of the solution series. In general, by means of the so-calledh-curve, i.e., a curve of a versush. As pointed by Liao [9] , the valid region ofh is a horizontal line segment. To see the range of admissible values of these parameters, the curves ofh f andh q are plotted in Figs. 2 and 3 given by 15th-order approximation. To choose optimal value of auxiliary parameter, the averaged residual errors (see Ref. [21] for more details) are defined as 3 . The temperature in the middle of the channel versush for the 15th-order approximation with Re = 1, Pr = 1, n = 2 and D 2 = 0.01.
Table 1
The optimal values ofh f andh q for different values of n, when Re = 1, Pr = 2.5 and D 2 = 1/10. Table 2 The optimal values ofh f andh q for different values of D 2 , when Re = 1, Pr = 2.5 and n = 3. It is noted that the optimal value ofh f is replaced into the equations, then the optimal value ofh q is derived. Tables 1 and 2 show optimal values obtained for the auxiliary parametersh f andh q . To see the accuracy of the solutions, the residual errors are defined for the system as
where F k (η) and Q n,k (η) are kth-order approximations of f (η) and q n (η), respectively. Figs. 4-5 show the residual error for 15th-order approximation.
Results and discussion
Gas turbines play a vital role in the today's industrialized society, and as the demand for power increases, the power output and thermal efficiency of gas turbines must also increase. One method of increasing both the power output and thermal efficiency of the engine is to increase the temperature of the gas entering the turbine. In the advanced gas turbines of today, the turbine inlet temperature can be as high as 1500°C; however, this temperature exceeds the melting temperature of the metal airfoils. Therefore, it is imperative that the blades and vanes are cooled, so they can withstand these extreme temperatures. Cooling air around 650°C is extracted from the compressor and passes through the airfoils. With the hot gases and cooling air, the temperature of the blades can be lowered to approximately 1000°C, which is permissible for reliable operation of the engine. It is widely accepted that the life of a turbine blade can be reduced by half if the temperature prediction of the metal blade is off by only 30°C. In order to avoid premature failure, designers must accurately predict the local heat transfer coefficients and local airfoil metal temperatures. By preventing local hot spots, the life of the turbine blades and vanes will increase.
The velocity distribution within the channel is shown in Figs. 6-8 for various values of the injection Reynolds number (Re) and cross viscosity parameters (D 2 and D 3 ). Fig. 6 indicates that the velocity distribution is symmetrical and parabolic for a Newtonian fluid (D 2 = D 3 = 0). As the cross viscosity parameter increases, the velocity distribution becomes antisymmetric, the amplitude of the maximum velocity decreases and the location of the maximum velocity point tends to move closer to the inner wall. As the injection Reynolds number increases, these effects become more pronounced. Fig. 9 shows the results for the friction factor as a function of the injection Reynolds number. The friction factor varies approximately linearly with Re. As the cross viscosity parameter D 2 increases, the friction factor reduces. This indicates that the viscoelastic fluids display drag reducing properties. This will have a lot of impact in pumping costs associated with turbine disc cooling.
The temperature distribution in the channel is shown in Figs. 10 and 11 . As the power law exponent (n) increases, temperature decreases. As the injection Reynolds number increases, the thermal boundary layer thickness decreases. Tables 3 and 4 show the effect of the injection Reynolds number and cross viscosity parameter D 2 on the dimensionless heat transfer rate (Nusselt number). As the injection Reynolds number increases, heat transfer rate increases. As the power law exponent (n) increases, the heat transfer rate increases. This indicates that non-isothermal surfaces promote higher heat transfer rates. As the cross viscosity parameter D 2 increases, heat transfer rates get augmented. This would suggest that the viscoelastic fluids display high heat transfer coefficients while reducing the drag. Table 3 The results of Perturbation method (PM) [7] , Numerical method (NM) and HAM for Nusselt number with Pr = 2.5 and D 2 = 0.01.
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HAM NM PM [7] n = 0 n = 2 n = 3 n = 4 n = 0 n = 2 n = 3 n = 4 n = 0 n = 2 n = 3 n = 4 A comparison of the numerical results for heat transfer rates with those reported by Kurtcebe and Erim [7] indicates that the present results are highly accurate. The results of Perturbation method (PM) [7] , Numerical method (NM) and HAM for Nusselt number with Pr = 2.5 and D 2 = 0.02.
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